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Numerical solution of the heat conduction problem for a massive cylin- 
der with allowance for heat transfer by radiation at the cylinder sur- 
face and for the furnace time lag is considered. 

Two p r o b l e m s  of op t imal  control  of hea t ing  of l a rge  
p ieces  of me ta l  w e r e  posed in [1]. The  development  
of n u m e r i c a l  methods  of solut ion of these p r o b l e m s  
made  it n e c e s s a r y  to so lve  the heat conduct ion equa-  
t ion with a l lowance  for  r ad ia t ive  heat t r a n s f e r ,  hea te r  
t ime  lags,  and the t e m p e r a t u r e  dependences  of the  
t h e r m o p h y s i c a l  p a r a m e t e r s .  

Methods involving explici t  net  s chemes  for the a p -  
p rox ima t ion  of the heat  conduct ion equat ion [2 -4]  
could not be  used b e c a u s e  of the p roh ib i t ive ly  l a rge  
compute r  t i m e s  involved.  An accep tab le  so lv ing  a l -  
gor i thm was then cons t ruc ted  on the ba s i s  of the w e l l -  
known sweep method [3]. 

Let us cons ide r  the p rob lem of hea t ing  of a long 
cy l inder  with r ad i a t i ve  and convect ive  heat  t r a n s f e r  
at its su r face .  The heat  conduction equation in c y l i n -  
d r i ca l  coord ina tes  is 

OT ( O~T + 1 0 T  t 0 )~ (7") OT 
c(r)Y0~=~(r)k ap ~ p T p }  + op ap 

0-.< p-~< R; 0--< x ~ ~o; (1) 

the in i t ia l  condi t ion is 

T (p, 0) = To (p), 

and the boundary  condit ion at the su r f ace  

(2) 

L ( T )  P Jp=R --Tsur) +%(Tf--Tsur). (3)  

Let the fu rnace  t e m p e r a t u r e  Tf be  r e l a t ed  to the func -  
t ion of t i m e  u(r) [which d e s c r i b e s  e i ther  the posi t ion 
of the gate through which fuel  is fed into the ope ra t ing  
space  of the f u r n a c e  or the applied e l ec t r i c a l  power 
in the case  of an e lec t r i c  sur face]  by the d i f fe ren t ia l  

equation 

dTf 
- -  = T~ur) d "c - -  aa (T~ - -  - -  a 4 (Tf - -  Tsur) + 

+ % (q)-- Tf) + asu(x ) (4) 

under  the in i t i a l  condi t ion 

Vf (0) = T~. (5) 

or  the hea t ing  of a cy l indr i ca l  ingot in a f l ame  f u r -  
nace  of the c ha mbe r  type. 
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Nodes of the net  domain  along the rad ius  
heated cy l inder  (a = axis;  b = surface) .  

To so lve  the p rob lem n u m e r i c a l l y  we use  an i m -  
p l ic i t  net  s c h e m e  [4] for  s y s t e m  (1) - (5). The p ro -  
cess  t ime  is b roken  up into (genera l ly  unequal)  i n -  

t e r v a l s  A t .  As the computa t iona l  net  it is conve-  
n ient  to choose a set  of poin ts  with the coord ina tes  
Pm = m a p ,  w he r e  Ap = R / (M - 1 . 5 ) ;  M is an in teger ,  
and m = 0, 1, 2 . . . . .  M. 

The point  with the n u m b e r  M l ies outs ide  the cy l in -  
der  and is f ic t i t ious  (Fig. 1). The following re la t ions  
m u s t  be  ful f i l led  at each ins tant  for the points  m = 

1 , 2 , . . . ,  M -  1: 

~ k ~  I _ _  ,-r,k 
y c(T~) *m _ .  - m  = 

rTk+~ 2Tk+ x -- Tk+~ --X(Tkm)[ m - l - -  m "1- .*+l + l 
-- L Ap 2 = m a p  x 

X m + ! -  -1 (Tin+l)-- (Tin-I) X 

2A 

T ~+~ - r  X m + l  

2hp 
m = l ,  2 . . . . .  M - - 1 .  (6) 

In o r de r  to ob ta in  the net equation for the zero node 
of the net (the cy l inder  axis) we take the l im i t  as 
p ~ 0 in (4) and make  use  of the s y m m e t r y  of the t e m -  
p e r a t u r e  d i s t r ibu t ion  in the cy l inder ,  i . e . ,  of the fact 
that T 1 = T-1. This  yields  the following r e l a t ionsh ip  
between T o and T 1 [4]: 

y c (To ~) T~ -- T~ ---- 2~ (To ~) 2(Tlk+~--T~+I) 
hx Ap 2 (7) 

Equation (4) was obtained by cons ide r i ng  the e l e m e n -  
t a r y  t h e r m a l  ba l ances  in the s y s t e m ,  i . e . ,  those  be-  
tween the heated body, the fu rnace ,  and the med ium.  

Sys tem (1 ) - (5 )  d e s c r i b e s ,  for  example,  the heat ing 
of a cy l i nd r i ca l  s p e c i m e n  in an e l ec t r i c  muffle furnace"  

Sys tem (6), (7) contains  M equations and M + 1 
unknowns. We obtain the other  r equ i r ed  equations 
f rom boundary  condit ion (3) and fu rnace  equation (4) 
which a r e  suf f ic ien t ly  well  approximated  by the fo l -  
lowing r e l a t i ons  : 
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2 ' 
(8) 

Ax -- as (T} + 2 --  

[T~+,' TL +l + T L  +', ]' 
--~ "k f 2 "4"%(~--T~f+')-f-eqUk+l' (9) 

w h e r e  we a s s u m e  that  Tk+lsur = (TkM +I + TkM+ll)/2" 

Sys t em of (M + 2) equat ions  (6)-(9)  conta ins  (M + 2) 
unknowns T k + l ,  T k + ,  . . . . .  T k+l ,  Tf k + ' .  We shal l  

omi t  the s u o e r s c r i p t  (k + 1) f r o m  now on, so that  
T k+ l  = T m "  Following the s c h e m e  of the sweep 

m 

method d e s c r i b e d  in [3], we t r a n s f o r m  Eqs .  (6) and 
(7) into 

T ~ =  x,,+IT,,,+ ' +yr,,+l; m = O ,  1, . . . ,  M - - 1 .  

H e r e  

(10) 

x a = l / [ l +  yc(T~ Ap2 ] .  
4aT~ (T~) ' 

Ao2y c (Tko) T~, 
Y~ = ~' ~ ( r ~ )  

and the coef f ic ien ts  Xm+ 1, Y m + i ( m  = 1, 2 . . . .  , M - 1) 
a r e  given by the following r e c u r s i o n  f o r m u l a s :  

a m  , xm+ , = , ( i i)  
2b~ - -  c~x,,, 

Ym+l -- CmYm + dr,, x,n+,, (12) 
am 

w h e r e  

1 ~, (Tin+l) -- L (Tkm_l) . (13) 
a ~  = ~ (T~)  2 m  4 ' 

V c (T,k~) A9 * . (14) 
b,, = )~ (T~) + 2AT ' 

k 
I ~ (T~+,) - -  Z (T~_,) . (15)  

c m = ~, (T~) 2m 4 ' 

d., vc(T~) a~TL (16) = ~ 

Making use  of the  las t  equation of (10), we e l i m -  
ina te  the unknown TM_ ~ f r o m  Eqs .  (8) and (9), 
which a f t e r  s o m e  s i m p l e  t r a n s f o r m a t i o n s  b e c o m e  

TM = a,fl (TM, Tf) --1- a,, 

T f  = baf~ (TM, Tf) -+- b2, 

w h e r e  

b 1 

Ap YM 
a 1 = ~ ( 1 - - x M )  ' a 2 - -  1 - - x  M ; 

AT - ;  b . ~ =  T}+aT(a~r ~+') . 
1 4 - a s A x  1 + %AT ' 

(17) 

(18) 

[I(TM, T f ) =  a1 [ T } - - / 1  + x M 

fe(TM, T f ) = a  3 T} ~ T M @  "4- 

-}- a,  [Tf  - -  ( ' - ~  TM -}- ? ) ] .  (19) 

We can now solve our system as follows. Com- 

puting the coefficients xl, Yl, am, bin, Cm, din(m= 
= 1,2, . . . , M - i )  from formulas (11), (13)-(16), we 

obtain the  sweep coef f ic ien ts  x2 . . .  XM; Y2 . . .  YM in 
a c c o r d a n c e  with (12), and, solving s y s t e m  (17), de -  
t e r m i n e  TI~I ,  T k+l. 

We then use  fo rmu la  (10) to find the t e m p e r a t u r e  
d i s t r ibu t ions  at (k + 1) ins tants ,  comput ing TM-1, . �9 �9 
. . . .  T 1, To s u c c e s s i v e l y .  

Computa t ions  accord ing  to this s c h e m e  a r e  a lways 
c o r r e c t ,  s ince  the e r r o r  p r e s e n t  in Ym and T m is 
mul t ip l ied  in the  c o u r s e  of computa t ions  b y  a coef f i -  
cient  j smal le r  than unity in abso lu te  va lue  [3]. 

The  m o s t  vu lne rab l e  point of the desc r ibed  s c h e m e  
is the solut ion of s y s t e m  (17), which gene ra l l y  can 
have  four  p a i r s  of d is t inct  roo t s .  We tes ted  t h r e e  
methods  of so lv ing s y s t e m  (17): the Newton method,  
the i te ra t ion  method,  and Se ide l ' s  method [6]. The  
second and th i rd  of t hese  methods  af forded good con-  
v e r g e n c e  to the r equ i r ed  solution in all  of the e x a m -  
p les  computed.  The  i t e r a t i ve  solut ion of s y s t e m  (17) 
by Se ide l ' s  method,  which we shall  cons ide r  because  of 
its m o r e  r ap id  conve rgence ,  was b a s e d  on the f o r m u l a s  

T~ +I = all (r~, T} +') + a2, 

T} +l = b,f2 (TIM, T}) + b2, (20) 

w h e r e  i is the n u m b e r  of the i tera t ion.  The  compu ta -  
t ions  w e r e  t e r m i n a t e d  upon s imul taneous  fu l f i l lment  of 
the conditions [T} + I -  T}[ -< e, ITi~  - T~vlI -< e; all 

of the computations with e = 10-3 required from three 

to ten steps of the iteration process before attainment 
of the required degree of accuracy. 

As an example we present the results obtained for 

the heating of a foam fireclay cylinder in a cylindri- 

cal electric muffle furnace. The thermophysical 

parameters were as follows: c(T) = 1.163(0.2080 + 

+ 0.0001T) W/kg �9 degree;)t(T) = 1.163(0.6100 + 
+ 0.0O06T) W/m �9 degree; T = 1800 kg/In a ; oq = 
= 0.314 �9 10-Y; a3 = 0.630 �9 10-8;a2 = a4 = 0; c~ = 
= 6.70; a6 = 8120; R = 0.022 m; T0 = 0.25 hr ;  T i s  

the temperature, ~ K. 
Figure 2 shows the function u(-r) and also the theo- 

retically determined temperatures at the axis and sur- 
faces of the cylinder and the furnace temperature. 
The computations were carried out for Ar = 10 -3 hr; 

Ap = 10 -3m; 2 �9 10 -3 m. 
The errors were estimated by the Runge method 

based on a comparison of the theoretical results ob- 
tained for differing numbers of layers in the net do- 
main [5]. The  e r r o r  eM 1 admit ted  in comput ing with 
an M 1- layer  net is given by the f o r m u l a  
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Fig.  2. Theore t ica l  r e su l t s  for  a foam f i r ec lay  cy l in-  
der  heated in a cy l indr i ca l  e l ec t r i c  furnace (u(T) is 
the e l ec t r i c  furnace power as a function of t ime ex-  
p r e s s e d  in a r b i t r a r y  uni t s ) .  I )Tf ;  II) Tsur ;  IID Taxis .  

(21) 

where  TM~ ancl TM2 a r e  the t e m p e r a t u r e s  at some 
node of the net for M 1 and M 2 l ayers ,  r e spec t ive ly .  

Our computat ions for 10 and 20 l aye r s  indicated 
that the e r r o r  for  M = 10 was not more  than 0.5 ~ over  
the en t i r e  computed t ime  interval .  

Computations by our method a r e  s tab le  for p r a c -  
t i ca l ly  al l  A t .  This  makes  it su i tab le  for  the cons t ruc -  
tion of fast  computer  a lgor i thms  for solving the heat 
conduction problem.  Analogous p rocedure s  can be 
used to compute the s y m m e t r i c  heating of a s lab,  
sphere ,  and orthogonal  pa r a l l e l ep iped .  

NOTATION 

T(p, v) is  the t e m p e r a t u r e  d is t r ibut ion  in the cyl in-  
der ;  Tsu r and Tf a re  the body sur face  and furnace t e m -  
pe r a tu r e s ,  r e spec t ive ly ;  X(T), c(T) and y a re  the t h e r -  
mal  conductivity,  speci f ic  heat,  and densi ty  of the ma te -  
r i a l ;  r is  the t ime; ~'0 i s t h e r e c i p r o c a l h e a t i n g t i m e ;  

R is the cyl inder  rad ius ;  ~1, a2, c~ 3, oq, ~ ,  and c~ 6 
are  ce r t a in  constants  cha rac t e r i z ing  heat  t r a n s f e r  in the 
" furnace-hea ted  body" sys tem;  Ap is the d is tance  b e -  
tween the nodes of the computation net ; m = 0, 1 , . . .  

� 9  M are  the node numbers  of the computation net; 
k = 1, 2, . . . .  N a re  the numbers  of the computation 
t ime  in terva ls ;  T~ is the ini t ial  furnace t e m p e r a t u r e ;  

is the t e m p e r a t u r e  of the medium around the fu r -  
nace; Taxis is the t e m p e r a t u r e  at the cyl inder  axis.  
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